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OPERATORS ON THE STOPPING TIME SPACE 


DIMITRIS APATSIDIS 


Abstract. Let S 1 be the stopping time space and B\ (.S' 1 ) be the Baire-1 
elements of the second dual of S' 1 . To each element x** in the space B\ (S ] ) 
we associate a positive Borel measure on the Cantor set. We use the 

measures { fi x »» : x** £ B\ (S l )} to characterize the operators T : X —¥ S 1 , 
defined on a space .Y with an unconditional basis, which preserve a copy of 
S 1 . In particular, we show that T preserves a copy of S 1 if and only if the set 
{* * : x** S B] (S ] )} is non separable as a subset of .34(2*'). 


1. Introduction. 

The Stopping Time space S 1 , was introduced by H. P. Rosenthal as the uncondi¬ 
tional analogue of L 1 (2 N ), where by 2 N we denote the Cantor set and L 1 (2 N ) is the 
Banach space of equivalence classes of measurable functions on 2 N which are abso¬ 
lutely integrable on 2 N , with respect to the Haar measure. The space S 1 belongs 
to the wider class of the spaces S p , 1 < p < oo which we are about to define. We 
denote by 2 <N the dyadic tree and by coo(2 <N ) the vector space of all real valued 
functions defined on 2 <N with finite support. For 1 < p < oo we define the || • ||sp 
norm on cqo( 2 <n ) as follows. For x £ cqo( 2 <n ), we set 



where the supremum is taken over all antichains A of 2 <N . The space S p is the 
completion of (coo(2 <N ), || • ||sp). The space S 1 has a 1-unconditional basis and 
G. Schechtman, in an unpublished work, showed that it contains almost all £ p 
isometrically, 1 < p < oo. This result was extended in [6j to all S p spaces where it 
was shown that for every p < q, £ q is embedded into S p . An excellent and detailed 
study of the stopping time space S 1 , in fact in a more general setting, is included 
in N. Dew’s Ph.D. Thesis JT]. The interested reader will also find therein, among 
other things, a proof of Schechtman’s unpublished result. Also, in [3] H. Bang 
and E. Odell showed that S’ 1 has the Weak Banach-Saks and the Dunford-Pettis 
properties, as the space L 1 (2 N ). 

In the sequel, by an operator between Banach spaces, we shall always mean a 
bounded linear operator. Let A', Y , Z be Banach spaces and T : X —> Y be 
an operator. We will say that the operator T, preserves a copy of Z , if there is 
a subspace IP of X which is isomorphic to Z, such that the restriction of T on 
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W is an isomorphism. The study of preserving properties of operators on 5 1 , is 
important to the isomorphic classification of the complemented subspaces of S 1 . 
The main results of the present paper are in this direction. 

In 0 P. Enflo and T. W. Starbird showed that every subspace Y of L 1 , isomor¬ 
phic to L 1 , contains a subspace which is isomorphic to L 1 and complemented in L 1 . 
From this it follows that if a complemented subspace X of L 1 contains a subspace 
isomorphic to L 1 , then X is isomorphic to L 1 . Also, if L 1 is isomorphic to a t\ sum 
of a sequence of Banach spaces, then one of the spaces is isomorphic to L 1 . We will 
prove the same results in the case of S 1 . 

The work included in the present paper is motivated by the following problems. 
Problem 1. Let T : S 1 —» S' 1 be an operator and X a reflexive subspace of S 1 such 
that the restriction of T on X is an isomorphism. Does T preserve a copy of 5* 1 ? 
Problem 2. Let X be a complemented subspace of S' 1 such that t\ does not embed 
in X. Is X Co-saturated? 

It is well known that a subspace of a space with an unconditional basis, is reflexive 
if and only if it does not contain Co and i\ isomorphically. Therefore, an affirmative 
answer to the first problem yields an affirmative answer to the second one. 

To state our main results we need some notation and to introduce some termi¬ 
nology. If X is a Banach space, by B\(X) we shall denote the space of all Baire-1 
elements of X**. That is, the space of all x** £ X** such that there is a sequence 
of X with x** = lim n x n in the weak star topology, which from [10] is 
equal to the space of all x** £ X**, so that x**\(b x » , w *) is a Baire-1 function. 
By _Ad(2 N ) we denote the space of all Borel measures on 2 N endowed by the norm 
||/z|| = sup{|/Lt(B)| : Bis a Borel subset of2 N }. To each x** £ Bi(S 1 ) we asso¬ 
ciate a positive Borel measure on 2 N which will denote by pL x *»- The definition 
of /Ta,** is related to a corresponding concept defined and studied in [I] where the 
space V 2 ° is studied. It is worth mentioning that in the case of V® we have that 
BiiV®) = (V^ 0 )**, he. a measure can be assigned to every x** £ (V®)**- This is 
not the case in the space S 1 . 

We are ready to state the first main result of the paper. 

Theorem 1. Let X be a Banach space with an unconditional basis, Y a closed 
subspace of X andT : X —> S 1 an operator. The following assertions are equivalent. 

(i) The set {MT**(y**) : V** G B\(Y)} is non-separable subset of Ad(2 N ). 

(ii) There exists a subspace Z of Y isomorphic to S l such that the restriction 
of T on Z is an isomorphism. 

(iii) There exists subspace Z of Y isomorphic to S 1 such that the restriction of 
T on Z is an isomorphism and T[Z] is complemented in S 1 . 

Moreover, if (iii) is satisfied then the space Z is complemented in X. 

Clearly, since the basis of S 1 is 1-unconditional, the above theorem also holds 
by replacing X with the space S' 1 . 

We state some consequences of the above theorem. 

Corollary 1. Let Y be a closed subspace of S 1 . Then the set A / Ib 1 (y) = : 

y** £ Bi(Y)} is a non-separable subset of A!(2 N ), if and only if, there exists a 
subspace Z of Y isomorphic to S 1 and complemented in S 1 . 
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Corollary 2. Let Y be a closed subspace of S 1 which is isomorphic to S 1 . Then 
Y contains a subspace Z isomorphic to S 1 which is complemented in S 1 . 

Corollary 3. Let Y be a complemented subspace of S 1 such that the set : 

y** G Bi(Y)} is a non-separable subset of A4(2 N ). Then Y is isomorphic to S 1 . 

In [4] it is shown that if L 1 Ga-embeds into X where, X is either isomorphic to 
a dual space, or X embeds into L 1 , then L 1 embeds isomorphically into X. We 
recall that a bounded and linear operator T : X —»• Y between Banach spaces, is 
called a Ga-embedding, if it is injective and T[K] is a Ga subset of Y, for all closed 
bounded K. 

Corollary 4. Suppose S 1 is isomorphic to an t\ sum of a sequence of Banach 
spaces X ; L . Then there is an j such that Xj is isomorphic to S 1 . 

Our second result is the following. 

Theorem 2. Let X be a Banach space. If S 1 Ga-embeds in X and X Ga-embeds 
in S 1 , then S 1 complementably embeds in X. 

As a consequence of the above theorem we obtain the following 

Corollary 5. Let A be a closed subspace of S' 1 . If S 1 Ga-embeds in X, then S 1 
complementably embeds in X. 

The paper is organized as follows. In section 2, we fix some notation that we 
shall use and we remind the definition of S 1 . In section 3, we give the definition of 
the measure , while in section 4 we give the proofs of Theorems 1 and 2 and 
their corollaries. 


2. Preliminaries. 

2.1. The dyadic tree. For every n > 0, we set 2™ = {0,1}” (where 2° = {0}). 
Hence for n > 1, every s G 2 n is of the form s = (s(l),..., s(n)). For 0 < m < n and 
s G 2", we set s|to = (s(l),..., s(m)), where if m = 0, s|0 = 0. Also, 2^ n = U" =0 2* 
and 2 <n = U^L 0 2 n . The length |s| of an s £ 2 <N , is the unique n > 0 such that 
s € 2 n . The initial segment partial ordering on 2 <N will be denoted by C (i.e. 
s C t if m = |s| < |t| and s = t\m). For s,t G 2 <N , s _L t means that s,t are 
□-incomparable (that is neither s □ t nor t C s). For an s G 2 <N , s^O and s~l 
denote the two immediate successors of s which end with 0 and 1 respectively. 

An antichain of 2 <N , is a subset of 2 <N such that for every s,t G A, s 1 t. If 
A, B are subsets of 2 <N then we write A !_ B if for all s G A and for all t G B, 
si t. By A we denote the set of all antichain of 2 <N . A branch of 2 <N is a maximal 
totally ordered subset of 2 <N . 

A subset 1 of 2 <n is called a segment if (I, □) is linearly ordered by C and 
moreover for every s Cl v IZ t, v is contained in I provided that s,t belong to I. 
For a finite segment I of 2 <N , by maxi we denote the C-greatest element of I. 


4 


D. APATSIDIS 


A segment X is called initial if the empty sequence 0 belongs to X. For any 
s £ 2 <n , let X(s ) = {t £ 2 <n : t C s}. Then clearly I(s) is an initial segment of 
2 <n . For s, t £ 2 <n , the infimum of {s, t} is defined by s A t = max(I(s) fl X(t)). 

The lexicographical ordering of 2 <N , denoted by <i ex is defined as follows. For 
every s,t £ 2 <N , s <i ex t if either s C t or s 1 t, w '~'0 C s and uWl C t where 
w = s At. Also we write s <i ex t if s <i ex t and s ^ t. The lexicographical ordering 
is a total ordering of 2 <N . This ordering of 2 <N (which identifies 2 <N with N) will 
be called the natural ordering of 2 <N . According to the above, we can write 2 <N 
in the form of a sequence (s n ) ng N, where n < m if either |s n | < |s m | or |s n | = |s m | 

and S n <lex Sm- 

A dyadic subtree is a subset T of 2 <N such that there is an order isomorphism 
<j> : 2 <N —> T. In this case T is denoted by T = (f s ) sg 2 <n, where t s = <j>(s). A 
dyadic subtree (f s ), g2 < N is said to be reqular if for every n £ N there exists m £ N 
such that {(, : , € 2"} C 2". 

Let 2 n be the Cantor space, i.e., the set of all infinite sequences cr = ( a(n)) n con¬ 
sisting of elements of 2 = {0,1}. If a £ 2 N and n £ N, let cr|n = (cr(l),..., <r(n)) € 
2 n . We say that s £ 2 n is an initial segment of a £ 2 N if s = a\n. We write s C a 
if s is an initial segment of a. 


2.2. The stopping time space S 1 . The space S 1 is defined to be the completion 
of coo(2 <N ) under the norm 



sup 


(£w) 

seA 


where the supremum is taken over all antichains A of 2 <N . For every s £ 2 <N , by e s 
we denote the characteristic function of {s}. By the definition of the S' 1 -norm, we 
observe that the family {e s } sg2 <N is a 1-unconditional Schauder basis of S 1 . Also, 
for every infinite chain C of 2 <N the subspace of S 1 generated by {e s : s £ C} 
is isomorphic to Cq, while for every infinite antichain A the corresponding one is 
isomorphic to t\. 


3. MEASURES ASSOCIATED TO ELEMENTS OF BAIRE-1 SPACE. 

Our general notation and terminology is standard and it can be found, for in¬ 
stance in [5]. Let X be a Banach space. As we have mentioned in the introduction, 
by £>i(A') we denote the space of all £** £ X** such that there is a sequence (*n)„ g N 
of X with x** = lim n x n in the weak star topology. The aim of this section is to 
introduce and study the fundamental properties of the measure ji x — corresponding 
to an element £** £ Bi^S 1 ). We start with some general results about a Banach 
space with an unconditional basis. 

Lemma 2. Let X be a Banach space with an unconditional normalized basis (ei)j g N 
and x** £ Bi(X) such that x**(e*) = 0, for every i £ N. Then x** = 0. 

Proof. Since x** £ B\{X) there exists a sequence (x n ) n of elements of X such that 
x** = lim„ x n in the weak star topology and lim„ e*(x n ) = 0, for every i£l By a 
classical result of Bessaga and Pelczynski , we may assume that ( x n ) n is equivalent 
to a block basic sequence taken with respect to (ej)j. Since (e;); is an unconditional 
basis we have that every block sequence of (ej)j is unconditional. But then, either 
(x n ) n has a subsequence which is equivalent to the usual basis of i\ or is weakly 
null. Since the basis of £\ is not weakly Cauchy, we have that x** =0. □ 
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Proposition 3. Let X be a Banach space with a 1-unconditional normalized basis 
(ei)“i- Then the space Hi (A) can be identified with the space of all sequence 
of scalars (a*)* such that sup n || Y27=i a i e i\\ < oo. This correspondence is given 
by Bi(X) 9 x** -H- (. Moreover, for every x** G Bi(X) we have that 
x** = lim„ ELi x **( e i) e i in the weak star topology and 


(1) 


11^** II = sup 

n 


5>**(e*)e, 

i=1 


Proof. Let x** G Hi (A) and x* G X*. For n G N, we choose a sequence 
of signs so that Yn=i k**( e i ) x *( e i)\ = S"=i dx** (e*)x* (ef). Since ( ei)i is a 1- 
unconditional normalized basis of X , we have that || £iX*(ei)ei || < |k*|| and 

£>**«)s*(ei)| =' 52 e i x**(e*) X *(e i ) = x** e iX *(eJeA < |k**|||k*ll- 
2=1 2=1 ' 2=1 ' 

Hence, we obtain that the sequence (Y^i=i x **( e i) e i)n is weakly Cauchy and 


E **/ * \ 
x \ e i ) e i 

i =1 


< Ik* 


, for all n G N. 


Let y** = w* — lim„ ^" =1 a;**(e*)ej. Then we observe that ( y ** — x**)(e*) = 0, 
for every i £ N and y** — x** G Hi (A). By Lemma U we get that y** = x**. 
Therefore, x** = w* — lim„ ^"=i x **( e *) e i- By the above inequality and since ( ef)i 
is a monotone basis of A', from the weak star lower semicontinuity of the second 
dual norm we have that 


= lim 


i=l 




= sup 


2 = 1 


P (e*)e 


Conversely, let (a*)* be such that C = sup n || Y7h =i a i e i\\ < oo. For every x* G X* 
and n G N, we choose a sequence (£i)" = i of signs such that \aiX*(et)\ = 

x *(Sr=i £ i a i e i)- As (e.i)i is 1-unconditional normalized basis of A', we get that 
S"=i \ a i x *i e i)\ < C|k*||- Therefore, the sequence (X^=i <iiX*{ei)) n is weakly 
Cauchy. If x** = w* — lim n ]C"=i a i e i> by Lemma [2j we get that x** is the unique 
x** G B i(A) such that and x**(e*) = ai, for every ieN. □ 


If A is a Banach space and M a subset of A, then the closed linear span of M, 
denoted by [M], is the smallest closed subspace of A containing the set M. 

Proposition 4. Let X be a Banach space with a 1-unconditional normalized basis 
( e i)iSi- Then the operator J : Hi(A) —> [{e*)i\* with J(x**) = a ; **|[(e?) i ] an 
isometry and onto. 

Proof. The fact that the operator J is an isometry, is an immediate consequence of 
©• We proceed to show that J is onto. Let / G [(e*)i]*- Then we easily observe 
that su P J|£” = i/(e*) ei || < ||/||. Hence by Proposition [3l there is x** G Hi (A) 
such that x** = w* — lim„ ]C”=i f( e *) e i- Therefore x**(e*) = /(e*), for all i and 
so, J(x**)=x**\ [(e , h] =f. □ 

Remark 5. By Proposition [3J we observe that for every x** G Hi (S' 1 ), 

Ik** II = su p 

n>0 


E 


*(e:)e 4 


= sup V k* 


( e s)|- 
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We are now ready to give the definition of /r x »*, the measure associated with 
an element x** in Bi(S 1 ). We first introduce some simple notation. For every 
x** £ Si (S' 1 ) and for every D C 2 <N we set 


x**\D(e*) 


x**(e*), if s £ D 
0, if s £ 2 <n \ D. 


By Remark[5l we easily observe that x**\D £ Si(S 1 ) and for every Di,D 2 Q 2 <N 
with D\ C £> 2 , 


( 2 ) 


||x**|£>i|l < \\x**\D 2 \\ < ||x**| 


and if D i _L D 2l then 


(3) |! x**\D, U D 2 \\ = [|®**|£) 1 || + ||®**|D 2 ||. 

For every t £ 2 <N we set V t = {cr £ 2 N : t C a}. Recall that {V t : t £ 2 <N } is 
the usual basis of 2 N , consisting of clopen sets. Also, for t £ 2 <N and m > 0 we set 

T t m = (s £ 2 <n : tC s, |s| > to}. 

By ©, it is easy to see that for every t £ 2 <N , 

inf ||x**|T t m || = inf \\x**\T™ || + inf ||x**|T™ ||. 

m m u m 

Therefore, by a classical result of Caratlieodory, there exists a unique finite positive 
Borel measure /U x *» on 2 N with p x **(Vt) = inf m ||x**|T t m ||, for every t £ 2 <N . 


Definition 6. Let x** £ Si(S 1 ). We define /i x ** to be the unique finite positive 
Borel measure on 2 N so that for all t £ 2 N , 


= inf ||x**|T , t m ||. 

m 


Remark 7. The technique used, given an x** £ Z?i(S 1 ), to define the measure 
pL x **, is among the same lines as the one used in [T|. 

Remark 8. Let x** £ S^S 1 ). By ([3]) we observe that for every finite antichain A 
of 2 < n and to > 0, ||x**| U teA T t m \\ = J2teA II®** PHI- Therefore, p x „( U t&A V t ) = 
inf m ||x**| U tgj 4 Tf n ||, for every finite antichain A of 2 <N . 


The following proposition is easily established. 


Proposition 9. The following hold. 

(i) For every x** £ Si (S' 1 ) and A £ R, = |A|/i x *». 

(ii) For every x**,y** £ S^S 1 ), p x ** +v *> < /x x ». + 

(iii) For every x** £ Si(S 1 ), /i x *» (2 N ) = d(x**, S 1 ) = inf{||x** — x|| : x £ S 1 }. 

(iv) For every x**,y** £ B^S 1 ), ||£t x *. -/v*ll < Ik** -J/**||- 

Proposition 10. Let x** £ Si(S 1 ). Then for every antichain A of 2 <N , 

M X -(U te A V t ) = inf ||x**| U teA T t m ||. 

m 

Proof. Let A be an antichain of 2 <N . If A is finite, then the conclusion follows by 
Remark [5] We assume that A is infinite and let A = be an enumeration of 

A. Since firm,- /z x »* (U 1 _ 1 Vt i ) = /r x **(U te A Vt), we have that 

(4) // X **(U teAVt) = liminf ||x**| u| =1 T t ™\\ < inf ||x**| U teA T t m ||. 

j m m 
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We claim that linq ||x** | || = 0. Indeed, if the claim is not true, by Remark[5] 

it is easy to see that there exist e > 0, a strictly increasing sequence 1 < j\ < j% < ... 
in N and a sequence (Ak)%L 1 of finite antichains of 2 <N , such that the following 
hold. 

(a) For every k > 1, A k C U iL jk+1 T?.. 

(b) For every k > 1, £ sgAfc \x**{e* s )\ > £. 

Clearly the set B = is an antichain. Hence by (b), we get that 

OO 

ii**i > E i***( e :)i = E E = °°> 

s£B k =1 sG-Afc 


a contradiction. 

Let e > 0. By the claim, we choose jo € N with ||x**| U^ o+1 || < e. Then we 

obtain that 


inf I 


U£r TT 


inf ||x**| T™\\ + inf ||x* 


I lOO rjim 11 

u i=jo+l 1 U II 


<^(uE^i) + |k**|U- Jo+1 T°|| 

< /Xa-** e < A*x*» (U“iVt 4 ) + £■ 


Therefore, 


( 5 ) 


inf ||x**| Ut^A T t m || < Mx**(U t£ AC ti ). 

m 


By (Q| and flSJ, the conclusion of proposition follows. 


□ 


4. OPERATORS PRESERVING A COPY OF S 1 . 

This section is devoted to the proof of Theorems 1 and 2 and their corollaries. 
The next lemma can be found in [U Lemma 41, page 4252]. 

Lemma 11. Let (c»!s) S £ 2 < N > (A s ) s e 2 < N be families of non negative real numbers 
and let n > 0. Then there exists a maximal antichain A of 2^ n and a family of 
branches (b t ) teA of 2^ n such that ]C| s |< n A s a s < X] tgj4 (X] sgbt a s )A t and t £b t , for 
all t £ A. Therefore if a cr\n < C, for all a £ 2 N , then for each n > 0 there is 

an antichain A of 2^ n such that X^| s |<„ A s a s < CJ] sgA A s . 

Proposition 12. Let X be a Banach space and (x s ) sg 2 <p< be a family of elements 
of X with the following properties. 

(i) (a; s ) s e 2 < N a K-unconditional basic family. 

(ii) There is a constant c > 0 such that for each finite antichain A of 2 <N , and 
each family (A s ) seJ 4 of scalars, we have || XEa A s ar s || >c^ sgA |A s |. 

(iii) There is a constant C > 0 such that for every a £ 2 N , n > 0 and every 
sequence of scalars (a fc )£ =0 , || J2k=o a kX^\k\\ < CTnax 0 < fc < 7l |a fc |. 

Then the family (x s ) sg 2 <n is equivalent to the basis (e s ) sg2 <N of S 1 . In particular 
for every n > 0 and every family of scalars (A s )| s i< n , 


E Ase * 

< 


< c 

El A s e s 

|s|<n 


|s|<n 


|s| <n 


c 

K 
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Proof. First we show the upper 5’ 1 -estimate. Fix a family of scalars (A s )| s i< n . Let 
x* £ (-S' 1 )*, ||o:*|| = 1. By Lemma UT1 (with |**(* s )| in place of a s ), there is an 
antichain A C 2^ n and a family of branches ( bt)teA of 2^ n such that 



By (iii), we have that for every t £ A, J2 sebt |**(* s )| < C. Hence by ©, we obtain 
that 

E \ s x*(x s ) <C^|A t |. 

|s|<n t£A 

This yields that || £| s |<n E^ll < C|| E| s |<n Ee s ||. 

We now proceed to show the lower ^-estimate. Let A be an antichain of 2^ n 
such that || E|s|<n A s e s || = EseA |A s |- Then by (i) and (ii), we obtain that 


E A * e s 


^ ^ A s%s 

< 


s|<n 

sgA 

seA 


|s|<n 


□ 


Remark 13. By Proposition [13] it is easy to see that if (x s ) s is a family in X 
equivalent to the S' 1 -basis and (t s ) s is a dyadic subtree of 2 <N , then the family 
(xt,) s is equivalent to the S^basis as well. 

Lemma 14. Let x** £ and (x n ) n be a sequence in S 1 which is weak* 

convergent to x**. If there exists an antichain B o/2 <N such that /x a ,*»(U se sV r s ) > 
p> 0, then for every k £ N, there exist a finite antichain A of 2 <N with A C U seB T s 
and l > k such that EseA I e t( x i ~ x k)\ > P- 

Proof. Let k £ N and 0 < 3e < /^•‘(UsesV’s) — P- Since Xk £ S' 1 , there is some 
to £ N such that 


(7) \\x k \T£\\<e. 

Choose a finite antichain A of 2 <N with A C U s6 sT s m such that 

(8) Atx ..(U seB H s )- £ <^|***(e:)| 

sgA 

Moreover since (x„)„ converges weak* to x** , there is l > k such that 


(9) 


E i***(oi -Ekwi 

seA «eA 


< £. 


Then by Q. (JSJ) and © we have that 

E l e s(^ “ x k)\ ^ E \ e *s( x l)\ - E teO**)! > E l^**( e s)l - 2e 

sGA sGA sEA s£A 

> /r x ..(U seB 14) -3 e> p. 


□ 


In the sequel, if Y is a subspace of the Banach space A', then we identify Y** 
with the subspace H -11 - in X**. 
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Lemma 15. Let X be a Banach space with a 1-unconditional normalized basis 
(ei)i, Y a closed subspace of X and T : X —>• S 1 be a bounded linear operator. We 
suppose that there exist y** G B\(Y) and an antichain B of 2 <N such that 

Mr**( s **)(U S £flK) > P > 0. 

Then for every m G N and £ > 0, there exist y € Y , a finite subset F of N, scalars 
{di}i£F, with to < minF, 0 < di < 1 for every i € F and a finite antichain A of 
2 <n with A C U s gB T s such that 


diy (e i )e» 

iGF 


<e and ^ \e*{T(y))\ > p. 

seA 


Proof. We fix m G N and e > 0. Let (y n ) n be a sequence in Y which is weak* 
convergent to y**. By Proposition [3l the sequence (Ei=i V** ( e i) e i)j weak* conver¬ 
gent to y**. Hence the sequence (yj — J2i =i is weakly null. By Mazur’s 

theorem there is a convex block sequence ('f2 ieFn r : j (Vj - Ei=i where 

(. F n ) n is a sequence of successive finite subsets of N (i.e., maxF n < minF n+1 for 
all n G N), EjeF„ r i = 1 and r o — 0, for all j G F n , such that 


lim r i(Vi - v ** 

j'eEn »= 1 

We choose n\ G N, with to < minF ni and 


= 0. 


( 10 ) 


J2 ~ r 3 J2y**( e i) e i 


j£F n j£F n i= 1 


< e/2, for all n > n\. 


Since the sequence (EjeF r jyj)n is weak star convergent to y**, T** is weak*- 
weak* continuous and T**\X = T, we have that the sequence (T(ff2j£ Fr . r fyj))n 
weak star convergent to T**(y**). Applying Lemma [Til we obtain that there exist 
a finite antichain A of 2 <N with A C Uses Tg and > n\, such that 


( 11 ) 



> P- 


We set y\ = EjeF ni r jVL Ft = E jG f „ 2 and V = V 2 ~ Vi- Note that 


j 1 __ 

r oYy ( e i) e i~ {e i )e i = ^d i y 

jGFn 2 z=l j$zF ni i =1 iGi 71 

where F is a finite subset of N, to < minF and 0 < c£ < 1, for every i G F. 
Therefore by cnD and m the conclusion of the lemma follows. □ 


We remind that A1 + (2 N ) denotes the positive cone of A1(2 N ). 

Lemma 16. Let {M{}4<^i be a non-separable subset of A1 + (2 N ). Then there is an 
uncountable subset P of uj i such that for every £ G T, = A^ + T£ where Aj, T£ are 
positive Borel measures on 2 N satisfying the following properties. 

(1) For all £ G T, Aj _L r,c and ||r^|| > 0. 

(2) For all £ < £ m P, //£ _L T£. 

/n particular, for all £ < £ in P, _L T£. 
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Proof. We may suppose that for some 6 > 0, \\p,£ — Mcll > 6 , for all 0 < ( < £ < uj i. 
By transfinite induction we construct a strictly increasing sequence (£ a )a/< Wl in u>i 
such that for each a < uq, = A £ a +T£ a , with X^ a _L t£ q , ||t{ q || > 0 and _L 
for all /3 < a. The general inductive step of the construction is as follows. Suppose 
that for some a < wi, (£/ s)/3< a has been defined. Let (/?„) n be an enumeration of 
a and set 

Ca = sup f/ 3 n , v a = '^2^ f)n /2 n and N a = {£ < uq : ( a < £ and << u a } 

n 

n 

By the Radon - Nikodym theorem, {p^}^£N a is isometrically contained in Li(2 N , v a ) 
and therefore it is norm separable. Since we have assumed that ||/ij — /^|| > for 
all 0 < ( < f < wi, we get that N a is countable. Hence we can choose f a > sup N a . 
Let fj,£ a = +T£ a be the Lebesgue analysis of p^ a where \$ a «v a and _L v a . 
By the definition of v a and £ a , we have that Hr^JI > 0, r^ a _L for all /3 < a 
and the inductive step of the construction has been completed. □ 


Lemma 17. Let {t£}j< Wi be an uncountable family of pairwise singular positive 
Borel measures on 2 N . Then for every finite family (Li )| : _ 1 of pairwise disjoint 
uncountable subsets of uii and every e > 0 there exist a family (T')^ p' an 
uncountable subset ofTi and a family (Oi)i=i of open and pairwise disjoint subsets 
of 2 n such that t^( 2 n \ Oi) < e, for all 1 < i < k and f £ r(. 

Proof. For every a < uq, we choose (<Jf )f =1 £ JIiLi Tf such that for every a//l 
in u)\ and every 1 < * < k, 7 ^ ff. For each 0 < a < u)\ the k-tuple (r^> )^ =1 
consists of pairwise singular measures and so we may choose a k-tuple (t /“)^ =1 of 
clopen subsets of 2 N with the following properties: (a) For each i, (2 N \ Of) < e 
and (b) For all i ^ j, Of n Of — 0. 

Since the family of all clopen subsets of 2 N is countable, there is a fc-tuple (O*), 
and an uncountable subset F of wi, such that for all 1 < i < k and all a £ F, 
Uf = Oi. For each 1 < i < k, set T' = {£“ : a £ T}. Then for each 1 < i < k and 
all £ £ F', t 5 ( 2 n \ O t ) <e. □ 

The following lemma is the main tool used to prove Theorem [TJ 


Lemma 18. Let X be a Banach space with a 1-unconditional basis , Y a closed 
subspace of X and T : X —>• S ’ 1 be a bounded linear operator. We suppose that 
B\ (Y) contains an uncountable family Q such that Mg = { a < t *»( x **) : x ** 6 G} is 
non-separable. Then there is a constant p > 0, such that for every e > 0 there exist 
a family ( y s ) s of elements ofY and a family (H s ) s of finite antichains of 2 <N such 
that the following are satisfied. 

(Cl) For every s ii, A s L A t . 

(C2) For every s £ 2 <N , £t G A a |e t *(T(y s ))| > p. 

(C3) For every a G 2 N and sequence (ak)^ 0 °f sca l ars > 


^ ^ &kVa\k 
k—0 


< (1 + e) max \ak\, for all n > 0 . 

0<k<n 


Proof. Let {ei}fT 1 be an 1-unconditional normalized basis of X. Since for all x** £ 
Hi (S’ 1 ) and A £ I, P\ x ** = |A|/i x **, we may assume that Q C {y** £ Bi(Y) : 
||y**|| = 1}. By Lemma flGl there is a non-separable subset {pT**( y **)}«uji of Mg 
such that for all 0 < f < uq, = A^ + T£, and for all ( < £, _L r^. By 






OPERATORS ON THE STOPPING TIME SPACE 


11 


passing to a further uncountable subset and relabeling, we may also assume that 
there is po > 0 such that ||r ? || > po. We fix e > 0 and a sequence (e n )n of positive 
real numbers with E^Xo £n < £ / 2 - We construct the following objects: 

(1) a Cantor scheme (r s ) s of uncountable subsets of (that is for all s G 2 <N , 

r s ~o c r S "i c r s and r s ~ 0 n = 0 ), 

(2) a family (£ a ) s with £ s G T s , for all s G 2 <N , 

(3) A Cantor scheme of open subsets (U s ) s of 2 N , U s = (J fgB Vt, where B s is 
an antichain of 2 <N , for all s G 2 <N , 

(4) a family (y a ) a in Y, 

(5) a family (F s ) s of finite subsets of N, a sequence {di)i^F B of scalars, for all 
s G 2 <N , and 

( 6 ) a family (A s ) s of finite antichains of 2 <N , 
such that the following are satisfied. 

(i) For every £ G T s , t^(U s ) > p 0 / 2 and t 4 (2 n \ U a ) < (Elio 2 _(i+ 2 ) )po- 

(ii) The element y|* is w*-condensation point of {j/|*}^ 6 p a (by Proposition 01 
we identify the space B\{X) with the space [(ej)»]*, endowed with the weak 
star topology). 

(iii) For every n > 1, s G 2 n , £ G and i G F s - , 

lwr«) » where s_ = (s(l-),...,s(n- 1)) 

(iv) For every i G F a , 0 < d; < 1 and for every ex G 2 N and n > 0, max F a \ n < 
min F’ C r| n -|-i. 

( V ) T t and EteA s l e *( r (2/s))l > P- 

(vi) For every s G 2", \\y a - E ie F s d iV^*i e i) e i\\ < e «- 

Given the above construction, we set p = po/2 and we claim that the families ( y s ) s 
and (A s ) s , satisfy conditions (Cl), (C2) and (C3). Observe that (Cl) follows from 
the fact that (U a ) a is a Cantor scheme and the first part of (v), while (C2) from 
the second part of (v). It remains verify condition (C3). So let n > 1 and <j G 2 N . 
Then r o .| fe+1 C F CT | fe , for every k > 0, and so by (iii) we get that 


Y Y y*C\M) e * 


( 12 ) 


k=0ieF a \ k 

n n —1 n —1 

Y Y y*£\M) e i~Y Y yt\M) e i + Y Y C lfc ( e *)G 

k=Q i£F a \ k k—Oi^F^^ k—Oi^F^^ 

n— 1 n 

<EE i€,,w)-c,,>.‘>i+ E E 

k=0 i€F a \ k k^iEF^^k 

n —1 

< Y £k+1 + II^G|„II < 2 + 1 ' 

fc=o 


As {ei}i is a 1-unconditional normalized basis of X, by (iv) we have that if (afe)^E 0 
is a sequence of scalars, then 
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(13) 


n 

H ak 

\ ^ 7 ** / *\ 

< max 1 a k 1 

0 <k<n 

n 

\ ^ \ ^ ** / *\ 

2^ z^ 

k—0 

ieF^ik 


k=OieF„ [k 


By (fT^I) . (fl3l) and (vi) we obtain 


n 

Y a kVa\k 

n 

< 

y*\k- di y*£\S e *i) ei 

+ 

n 

Y, d iy£ ik ( e *£ e i 

k =0 

k =0 



fc=0 i6F„ | fc 


< max \a k ( V'e*. 

0<k<n V y 

+ max \a k \ 

0 <k<n 

n 

\ '' \ ^ ** / 

2^ z^ y^£ e i) e i 

X fc =0 7 


fc= 0 ieFo-n, 


< (1 + e) max |afc|. 

0 <k<n 


We present now the general inductive step of the construction. Let us suppose 
that the construction has been carried out for all s £ 2^". For every s £ 2”, we 
define 


(14) rl = U e r s : Vi G F s , |j/|*(e*) - j£(e ?)\ < s n+1 /#F S }. 

Since F s is a finite subset of N, the set {y|* : £ £ r*} is a relatively weak*- 
open neighborhood of in {j/|*}^ e r a - By our inductive assumption, is a 
weak*-condensation point of {y|*}{er s and therefore for all s £ 2 n the set F* is 
uncountable. For every s £ 2 n , we choose r *„ 0 and F ^ 1 uncountable subsets of 
rj with r ^„ 0 nr^j = 0. Applying Lemma [171 we obtain a 2 n+1 -tuple ( 08 ) 862 "+! 
of pairwise disjoint open subsets of 2 N and a family (Fg) se 2 n+i such that for each 
s £ 2 n+1 , is an uncountable subset of and for all £ £ 

(15) T t(2 N \O s )< Po /2 n + 3 . 

For every s £ 2 n+1 we set U s = O s D U s - . Notice that U s = U fgB Vj, where B s is 
an antichain of 2 <N . Since C r*_ C F s -, using (i), we get that for all s £ 2 n+1 
and all £ £ r,, 

(16) T^\U s )<(j22- {i+2) )p 0 . 

' i—0 ' 


Moreover as (^"Jo 2 ^ +2) )/°o < Po/2 and ||r 4 || > po, we get that for all £ £ 

(17) n(U s ) > po/2. 

We set r s = F^ and we choose £ s in r s , such that j/|* is weak*-condensation point 
of the set e r a - Since for all £ < ui, we have Pr**(y**) > t£, by Lemma fl5l we 

get that for every s £ 2 n+1 there exist y s £ Y, a finite subset F s of N, a sequence 
of scalars with maxF s - < min F s , 0 < di < 1 for every i £ F s and a finite 

antichain A s of 2 <N with A s C (J f B T t . such that 


(18) 


ieF s 


ys-^2 d iV£( e i) e i < £ «+l and l e i ( T (y S ))| > Po/2. 


teA,, 


By (H2D-(HHD, the proof of the inductive step is complete. 


□ 






























OPERATORS ON THE STOPPING TIME SPACE 


13 


Let (x s ) sg2 < N be a family in S 1 . We will say that (x s ) se 2 < N is a block family in 
S 1 , if (x s ) se2 <N is a block sequence of (e s ) sg2 <N, with the natural ordering of 2 <N . 


Proposition 19. Let (y s ) s & 2 < ti be a block family in S 1 and (x*) sg2 <n a family in 
(S 1 )* with the following properties. 

(a) There is a constant c > 0 such that x*(y s ) > c, for all s £ 2 <N . 

(b) For every s £ 2 <N , a?* = XXeA £ t e t> where is a finite antichain of 2 <N 
with A s C supp(y s ) and e* £ { — 1,1}, for all t £ A s . 

(c) For every s _L s', A s _L A s i. 

(d) There is a constant C > 0 such that for every a £ 2 N , n > 0 and sequence 
(«fc)fc=o of scalars, || Xn—o a ky<r\k\\ < Cmax 0 <fe< n \a k \. 

Then the following hold. 

(i) The family (y s ) sg 2 < N is equivalent to the basis (e s ) sg2 <N of S 1 . 

(ii) There exists a projection P : S 1 -A [(y s ) s e 2 < N ] with ||-P|| < C/c. 


Proof, (i) Since (y s ) sg 2 < N is a block family in S 1 , hence 1-unconditionally basic, we 
easily observe that (y s ) sg 2 < N satishes the assumptions of Proposition [12] Therefore 
(i) holds. 

(ii) We define P : S 1 —> S 1 by 


P{x) 


V X *^ y 


X £ S 1 . 


By (b) we have that for every s £ 2 <N , P(y s ) = y s . Let x £ S 1 , n > 0 and 
x* £ (S' 1 )* with ||x*|| = 1. By Lemma fill (with \x*(x)\/x*(y s ) in place of A s and 
|a:*(u s )| in place of a s ), there is an antichain A of 2^" and a family of branches 
(b t )teA of 2^ n such that 


E 

|s|<n 


;(*) 




x*(y s 


< E ( E \ x * m \ 

teA k seb t 


NtOc)! 


By (a), (b) and (c), we have that XXeA \ x t ( x )\/ x t (Ut) < ||a;||/c and by (d), we have 
that Y^sGb t l a; *(2/s)| < C, for all t £ A. Hence 


E 

|s|<n 






< 



Since the above inequality holds for all x £ S 1 and n > 0, we obtain that P is a 
bounded projection onto [(i/s) S £ 2 < n L w bh ||-P|| < C/c. □ 


The following lemma is easily proved by using a sliding hump argument. 

Lemma 20. Let [x s ) s a family in S 1 such that for every a £ 2 N , the sequence 
(x a \ n)n is weakly null. Then for every S > 0, there exist a dyadic subtree (t s ) s of 
2 <n and a block family ( w s ) s in S 1 with the natural ordering of 2 <N , such that 

E |l x *. < S - 

se2< N 

Proposition 21. Let X be a Banach space with an unconditional basis, Y a closed 
subspace of X and T : X -A S 1 be a bounded linear operator, such that the set 
(l t T**(y**) : y** £ Bi(y)} is non-separable subset of A1(2 N ). Then there exists a 
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subspace Z of Y isomorphic to S 1 such that the restriction ofT on Z is an isomor¬ 
phism and T[Z] is complemented in S 1 . Moreover the space Z is complemented in 


X. 


Proof. By passing to an equivalent norm, we may assume that the basis of X is 
1-unconditional. Applying Lemma 1181 there is a constant p > 0, such that for 
0 < e < p there exist a family (y s ) s of elements of Y and a family (A s ) s of finite 
antichains of 2 <N such that the following are satisfied. 

(Cl) For every s 1 t, A s 1 A t . 

(C2) For every s G 2 <N , YY t&Aa \e* t (T(y a ))\ > p. 

(C3) For every a G 2 N , n > 0 and sequence (a k ) k=0 scalars, 


E 

k =0 


a kVa\k 


< (1 + e) max \a k \- 

0 <k<n 


By the fact that the operator T is bounded and (C3), we have that for every a G 2 N , 
the sequence {T(y a i k )) k is weakly null. Therefore by Lemma EDI for 0 < 6 < e, 
there exist a dyadic subtree (t s ) s of 2 <N and a block family (w s ) s in S 1 , such that 


(19) 


E II T (yts) < s - 

se 2< N 


First we will show that the family (w s ) s is equivalent to the basis (e s ) s 6 2 <N of 
S 1 and the space [(w s ) s ] is complemented in S 1 . Indeed, for every s G 2 <N , let 
x* = Y^veA £ v e vi w here (e v ) v ^A 3 is a family of signs so that 


x * s ( T (yts)) = E \ e l( T (vt,))\ > P- 

veA B 


Without loss of generality, we may assume that A s C supp(w s ) for every s G 2 <N 
(otherwise, we replace A s by B s = A s n supp(w s )). Then by (flfll) . it is easy to see 
that for every finite antichain A of 2 <N 

(20) i)(w s ) > p — e, for all s G 2 <N . 

Since {w s ) s is a block family in S 1 , by (Cl) and (l 20 l) . we get that for every finite 
antichain A of 2 <N and family (A s ) s€ a of scalars, 


( 21 ) 


E ^ sWs 

s&A 


> (p- £ )E l As l- 

seA 


On the other hand by (C3), for every a G 2 N , n > 0 and sequence (afc )^_ 0 of scalars 


( 22 ) 


E 

k =0 


dkW tfT 


< ((1 +e)\\T\\ +e) max \a k \. 

0 <k<n 


By (1^01) . (12T1) and (P2121) . we obtain that (w s ) s satisfies the assumptions of Proposition 
ITOl Hence the family (w 3 ) s is equivalent to the basis (e s ) sg 2 < N an d the space [(w s )s] 
is complemented in S 1 . Therefore by (HID, for 6 > 0 sufficiently small, the family 
( T(yt 3 )) s is equivalent to the basis (e s ) sg2 <N and the subspace T[Z] is complemented 
in S 1 , where Z = [(j/t s ) s ] - Now by (C3), as in the proof of Proposition [T2l (( yt 3 ) s 
has an upper S' 1 -estimate, which gives that the family (( yt 3 ) s is also equivalent to 
the basis (e s ) s 6 2 < N - 
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We now proceed to show that the space Z is complemented in X. Let P be a 
bounded projection from S 1 onto T[Z]. We set Q = T~ 1 PT. Then Q is a a bounded 
projection from X onto Z. This completes the proof of the proposition. □ 

Lemma 22. Let x** £ Si (S' 1 ). Then for every s > 0 there exists n £ N such that 
for every finite antichain A of 2 <N , 

11re** | UggA T”|| < (Usg^Vj;) + £. 

Therefore, for every finite antichain A o/2 <N with min{|s| : s £ A} > n, 

l X **( e s)l < Tx**{A S £ A V s ) + £. 

sGA 

Proof. Let £ > 0 and A be a finite antichain of 2 <N . By the definition of p x **, there 
exists n £ N such that 

(23) ||x**|T”||< / z x „( 2 n )+£. 

We choose an antichain A! of 2 <N such that A U A' is a finite maximal antichain of 
2 <n and A n A’ = 0. Then 

(24) U seA T :|| + ||*~| U seA , T"|| = ||***|ISII 

and 

(25) Hx**( 2^) = /-lx** (Usg^V);) + fix** (U s gA' 4^) 

By (l23l) . (l24l) and (l25l) . we get that for every n> l, 

II®** | T"|| + 11a;** | U s gA' Tff || < p x ** (U S £,a Vs) + p x ** (U s g^/ Vs) + £ 

S Px** (UseAf4) + ||x | U s g^4' T" || + £. 

Therefore, we obtain that ||a;**| U sS a T™\\ < p x **(Li seA^) + £. □ 

Proposition 23. Let ( Vs)se 2 <K be a block family in S 1 with the following properties. 

(i) There is a constant p > 0 such that || S| s |=n ^sVs\\ > pE| s |=n I'M, f or 
every n > 0 and family (A s )| s i =n of scalars. 

(ii) For every a £ 2 N , the sequence (y a \k)kLo * s equivalent to the basis of Co- 
Then the set {p y *« : a £ 2 N } is a non-separable subset of A4( 2 N ), where for every 
cr £ 2 n , y** =w* - lim„ £fc=o y t „ |fc ■ 

Proof. If the set {p v ** : a £ 2 N } is separable, we can choose a norm-condensation 
point p £ A4(2 n ) of {p v ** : u £ 2 N }. Also fix m £ N and £ > 0. Then for 
uncountably many a £ 2 N , we have that 

(26) IK;* - Mil < e/m. 

Let <Ji £ 2 n satisfying (EHD and no £ N be such that for all n > no and 

1 < * < j < ttt., af\n _L <Jj\n. By Lemma l22l there is k > no so that 

(27) ^2\yTA e *s)\ < y y **(Ase A V s ) + s/m, 

sSA 

for every finite antichain A of 2 <N with min{|s| : s £ A} > k and each i = 1,..., m. 
We choose an antichain A such that || Y/iL i Va^kW = EseA l e * (E™i2/<rdfc)l and we 
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set Ai = A n supp(y ai \k)- Since (y s ) sg 2 < N is a block family in S 1 , we may assume 
that min{|s| : s £ Ai} > k. Then by (i), (l26l) and (l27jl . we get that 


mp < 


E»<r ( |fc = E e *(E 






i= 1 


= EEi*C( e :)i 

i=l sGAi 


< E! My;* (U«eAj^s) + e — mLsgu™ ^14) + £ < ||mII + e, 


a contradiction for e sufficiently small. 


□ 


Lemma 24. Let (a; n ) n , ( y n )n be sequences in S 1 which are equivalent to the c^-basis 
and En II x n - UnW < oo. kFe set 

n n 

x** = w* — limE^ Xk and y** = w* — lim 2 /fe- 

n ^^ n ^^ 

/c—0 fc—0 


TLen p, x ** = p y **. 


Proof. For every n £ N, we set 

m m 

x*\>n = w * ~ lim E Xk and y \>n = W * ~ lim E Vk ' 

k=n k=n 


Since x** — x^ n £ S 1 and y** — y*f. n £ S 1 , we have that /i x »* = /r x *» and 
p y *t = p,y *,* . Then from the weak star lower semicontinuity of the second dual 
norm we get that 


Lx** - My** II = llMa** n - Myf> n II < ||®f>„ - 2/j>„|| < lim inf 


E Xk - E V k 

k=n 


k=n 


^E 


\xk - yk | 


k—n 


Therefore, letting n —>• oo, ||/z x »» — p y **\\ = 0 and so p x ** = p v *» 


□ 


Proposition 25. Let X be a Banach space with an unconditional basis, T : X —>■ S ' 1 
be a bounded linear operator such that there exists a subspace Y of X isomorphic 
to S 1 and the restriction of T on Y is an isomorphism. Then the set {p-T**(y**) : 
y** £ B\(Y)} is a non-separable subset of 2 N ). 

Proof. Since Y is isomorphic to S 1 , there is a family (y s ) s & 2 N i n Y equivalent to 
the S' 1 -basis with Y = [(y s ) s ]. By Lemma[20l there exist a dyadic subtree (t s ) s of 
2 <n and a block family (w s ) s in S 1 , such that 

(28) E \\ T (yt.)-w a \\ <5/2. 

sG2< n 

By (12811 we have that the family (w s ) s is equivalent to the S' 1 -basis. For every a £ 
2 n , we set y** = w* - lim n ELo Vt*\ k and W T = w * ~ lim « ELo w o\ fc- A PPly in S 
Proposition [23] we obtain that the set : er £ 2 N } is a non-separable subset of 

A / (( 2 N ). Since T**(y**) = w* — lim n ELo by (l28l) and Lemma [231 we get 

that p w *» = MT**(yj*), for every a £ 2 N . Therefore the set {pt**{ v **) : y** € BiQO} 
is non-separable. □ 
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Observe that Proposition [21] and Proposition [25] yield Theorem Q] from the in¬ 
troduction. 

Remark 26. The proof of Theorem [j] actually yields a slightly stronger result, in 
particular the conclusion holds if X is assumed to be a subspace of a space with an 
unconditional basis. 

Corollary 27. Let Y be a closed subspace of S 1 . Then the set -Mbi(y) = (tO** : 
y** £ B±(Y)} is non-separable subset of A4( 2 N ), if and only if, there exists a sub¬ 
space Z of Y isomorphic to S 1 and complemented in S 1 . 

Proof. Let I : S 1 —» S 1 the identity operator. Then we observe that I**[Bi(Y)] = 
B\{Y). By Theorem [T| the conclusion follows. □ 

The following corollary is an immediate consequence of Corollary 1271 

Corollary 28. Let Y be a closed subspace of S 1 which is isomorphic to S 1 . Then 
Y contains a subspace Z isomorphic to S 1 which is complemented in S 1 . 

To state one more consequence of the above theorem we will need the following. 

Lemma 29. Let Y be a subspace of S 1 . Suppose that S 1 contains a complemented 
copy of Y and that Y contains a complemented copy of S 1 . Then Y is isomorphic 
to S 1 . 

Proof. Notice that S 1 « c 0 ©(S' 1 ©S ' 1 ©...)4 « c 0 ©(S' 1 ©S' 1 ©...)^ 1 ®(5’ 1 ®S ' 1 ®...)^ 1 ss 
S 1 © ( S 1 © S 1 © ...)e 1 ss (S ' 1 © S 1 © The result now follows by applying the 

Pelczynski decomposition method [9]. □ 

Corollary 30. Let Y be a complemented subspace of S 1 such that the set {/q,** : 
y** £ Bi(Y)} is a non-separable subset of 2 N ). Then Y is isomorphic to S 1 . 

Proof. Since Y is a subspace of S 1 and {p y ** : y** £ B\(Y)} is non-separable, 
by Corollary [27] we have that Y contains a complemented copy of S 1 . Since Y is 
complemented in S 1 , by Lemma l29l we have that Y is isomorphic to S 1 . □ 

Remark 31. It follows from a standard argument using Rosenthal’s lemma m, 
that whenever (Xf )j is a sequence of Banach spaces and X = ffi-Xi)^ then 

B\{X) = (X^i ®Bi(X i ))e 1 . More precisely, for every x** £ B\(X), there exists a 
unique sequence ( x**)i with x** £ B\{Xf) for all i £ N and [|a;**|| < oo, so that 

x**=YZx x V- 

Corollary 32. Suppose S 1 is isomorphic to an l\ sum of a sequence of Banach 
spaces Xi . Then there is an j such that Xj is isomorphic of S l . 

Proof. Let X = (X^i an d assume that X is isomorphic to S 1 . If we 

identify X with S 1 , by Corollary [301 it is enough to prove that there is an j such 
that the set {p x »* : x** £ B\ (Xj )} is a non-separable subset of A1(2 N ). Assume 
that the claim is not true. Then for every i, the set {/a x ** '■ x** £ Bi{Xi)} is 
separable. Therefore for every i there is pi £ A1 + (2 N ) such that p x ** « f. tj, for 
all x** £ Bi(Xi). We set p = 2 ‘(i+||/x i ||) • Proposition 03 (ii) and (iv), 

we obtain that p x ** << p, for every x** in (]TL ©Bi(A'j))^ 1 , which by Remark is 
Bi(S 1 ). Hence the set {p x ** : x** £ Si(5' 1 )} is separable, a contradiction. □ 
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D. APATSIDIS 


Remark 33. In [2] H. Bang and E. Odell showed that S 1 is primary, that is 
whenever S 1 = X © Y, then either X or Y is isomorphic to S 1 . We note that this 
fact also follows from Corollary [32] 


The following is an immediate consequence of the main result from [5], where 
actually a stronger statement is proven. 

Proposition 34. Let D be a subset of 2 <N such that 


lim sup 

n—> oo 


#(D n {s g 2 <N 
2 n 


M 


n}) 


> 0 . 


Then there is a regular dyadic subtree ( t s ) s of 2 <N which is contained in D. 
The next proposition can be found in [JJ Proposition 2.2, page 161]. 


Proposition 35. Let X and Y be Banach spaces and T : X —► Y be a G$- 
embedding. If X is isomorphic to c o, T is an isomorphism. 


Theorem 36. Let X be a Banach space. If S 1 Gs-embeds in X and X Gs-embeds 
in S 1 , then S 1 complementary embeds in X. 

Proof. Let W : S 1 —» X, R : X —> S 1 be G^-embeddings and T = RW : S 1 —> S 1 . 
By Lemma l20l passing to the dyadic subtree, we may assume that (T(e s )) s is a 
block family in S 1 . For every n G N, we set x„ = n ^e s . Notice that the 
space [(a; n )„gN] is isometric to cq. Then by Proposition [311 the restriction of T 
on [(x n ) ne N] is an isomorphism. Hence there is p > 0 with 2||T|| > p , such that 
||T(x n )|| > p, for all n£l For each n, we choose a norm one functional x* G (.S' 1 )* 
such that x*(T(x„)) = ||T(x„)|| and we set 

A n = {s G 2 <n : x* (T(e 8 )) > p/2, |s| = n} and D = U n 6 N A n . 


Then we have that 


P < x* n {T(x n )) 


T ^ <(T(e,)) = T £ <(T(e.)) + A £ <(T( e ,)) 

|s|=n seA n seA= 

<±-(#A n \\T\\ + (2 n -#A n )^J. 


m\\ - P 


By the above inequality we get that > 

#(Dn{se2<® :\s\=n}) #A n ^ 
™a 


Hence, 


2imi-p 


> 0, for all n G N. 


By (1331) and Proposition [331 there is a regular dyadic subtree (t s ) s of 2 <N which 
is contained in D. Since the family (T(e s )) s is block, we easily observe that for 
every n > 0 and family (A s )| s | =n of scalars, || E| s |=n A s T*(e ta )|| > p/2J2\ a \= n I'M- 
Therefore, the assumptions of Proposition [23] arc fulfilled and so the set {pr**(cr**) : 
cr G 2 n } is non-separable subset of A1(2 N ), where for every a G 2 N , a** = w* — 
lim n 53fe=o e ta\k- Now by Theorem |T| the conclusion follows. □ 


As a consequence of Theorem 1361 we obtain the following 


Corollary 37. Let X be a closed subspace of S 1 . If S 1 Gs-embeds in X, then S 1 
complementably embeds in X. 
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Remark 38. Note that a positive answer to the following question, implies that 
problem 2 from the introduction has a positive answer as well. Let T : S 1 -A S' 1 
be an operator and X be a reflexive subspace of S 1 such that the restriction of T 
on X is an isomorphism. Is it true that the set {/i t**{x**) : x ** G 'SiU 1 )} is a 
non-separable subset of ,M(2 N )? 
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